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Abstract –We study synchronization of N oscillators indirectly coupled through a medium which
is inhomogeneous and has its own dynamics. The system is formalized in terms of a multilayer
network, where the top layer is made of disconnected oscillators and the bottom one, modeling
the medium, consists of oscillators coupled according to a given topology. The different dynamics
of the medium and the top layer is accounted by including a frequency mismatch between them.
We show a novel regime of synchronization as intra-layer coherence does not necessarily require
inter-layer coherence. This regime appears under mild conditions on the bottom layer: arbitrary
topologies may be considered, provided that they support synchronization of the oscillators of the
medium. The existence of a density-dependent threshold as in quorum-sensing phenomena is also
demonstrated.
Introduction. – Synchronization is one of the most
ubiquitous collective phenomena appearing in natural and
artificial systems [1]. Singing crickets, fireflies emitting
sequences of light flashes, cardiac pacemakers, circadian
rhythms in mammals, firing neurons, chemical systems
exhibiting oscillatory variation of the concentration of
reagents, applauding audiences, or electrical and electronic
devices are all common examples of systems operating in
synchrony [2]. In general, all of these examples can be
described as systems composed of many units that ad-
just a particular dynamical property to behave in unison.
The interaction among the units is at the core of syn-
chronization since, when isolated, they behave according
to their individual rhythms. In the recent years the way
units interact and its influence to the onset of synchrony
have been the subject of intense research, where complex
networks have been used to account for a variety of inter-
action patterns [3,4]. These patterns include the modeling
of heterogeneity of links, delays in signal interchange, and
time-dependent connections.
The main hypothesis underlying the network approach
is that the units of a system (modeled as the nodes of
a graph) are directly coupled through interactions rep-
resented by the network edges [5, 6]. However, in many
physical systems the units interact in an indirect way. For
instance, in the Huygens’s experiment, historically con-
sidered the first report on synchronization [7], the two
pendulum clocks interact through the wooden beam on
which they are both mounted. Similarly, communica-
tion between cellular populations occurs thanks to small
molecules diffused in the medium [8], and chemical os-
cillators interact through a stirred solution [9]. Even in
the excessive wobbling observed in the opening of the
Millennium Bridge in London, the synchronous pacing of
the crowd derives from the interaction of the pedestrians
with the bridge [10]. Synchrony in this case only occurs
for a population density greater than a threshold, a phe-
nomenon which is called as crowd synchrony.
Synchronization of indirectly coupled units has been
studied in several works. The first evidences of synchro-
nization through indirect coupling were observed in the
context of quorum-sensing studies [9,11,12]. For instance,
yeast cells, which show a density-dependent transition to
synchronous oscillations, only interact by exchanging sig-
naling molecules in the extracellular solution [12]. The
studies about the synchronization of periodic oscillators
coupled through a common medium have been recently
extended to chaotic systems. In this latter case, when two
chaotic units are considered, both in-phase and anti-phase
synchronization have been numerically [13,14] and exper-
imentally [15, 16] observed. When more than two chaotic
units are taken into account, phenomena such as phase
synchronization, periodic collective behavior and quorum-
sensing transition show up [17].
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Fig. 1: Representation of the multiplex network consisting of
two layers with one-to-one coupling between the layers. In
the top layer, called x, the nodes only interact with those in
the bottom one whereas in the bottom layer z the nodes also
interact with other members of the same layer.
In this paper, we consider a multi-layer network bench-
mark [18] to model a population of oscillators (described as
a network layer) whose units interact indirectly through
the coupling to an extended medium (a different layer).
In particular, this latter medium is composed of another
system of coupled oscillators with a characteristic natu-
ral frequency. The main result is that synchronization of
the indirectly coupled units (composing the first network
layer) is possible even in the absence of coherence with the
medium. In addition we show that for synchronization to
occur, the presence of an amplitude dynamic variable is
needed. As a consequence, synchronization is observed
for units with amplitude as well as phase dynamics, but
not for ones with phase dynamics only.
The model. – In most studies on not directly cou-
pled dynamical units a homogeneous distribution of the
medium is assumed. While this assumption is reasonable
for chemical systems under the hypothesis of well-stirred
solutions or biological systems under the hypothesis of fast
diffusion of the small molecules, in other contexts (such as
genetic oscillators [8]) the interactions may be mediated by
one agent in the medium for each dynamical unit. Thus,
a model in which units are not directly coupled, while the
agents in the medium interact, is needed.
In this work, we consider this latter scenario and pro-
pose a dynamical model incorporating a microscopic de-
scription of the interactions of the agents in the medium.
In particular, we account for the assumption of inhomo-
geneous and not passive environment by investigating a
system made of two layers, one representing the medium,
called layer z, and the other, called x, the dynamical units.
The interaction between layers (medium and units) is as
schematically shown in Fig. 1. Each unit interacts directly
with one agent in the medium. Therefore, in terms of the
recently developed theory of multi-layer networks [18,19],
our system is termed as a multiplex network of two layers.
Multiplexes have recently attracted a lot of attention
as they are the kind substrates representing better the in-
teraction patterns occurring in many dynamical processes
on real complex systems. Examples of the dynamical se-
tups and phenomena studied in multiplex networks in-
clude: linear diffusion [20, 21], congestion and traffic [22],
evolutionary dynamics [23] or epidemics [24].
To extend this knowledge to the realm of synchroniza-
tion we assume that each node of the multiplex is a Stuart-
Landau (SL) oscillator with different natural frequency
[25, 26]. In this way the multiplex is formed by N SL
units coupled according to the adjacency matrix Azij in
the layer z, and N SL oscillators in the layer x that are
not directly coupled. Thus, the evolution of the state,
uαj ∈ C, of oscillator j in layer α(= x, z), is given by:
u˙xj = (a+ i · ω
x
j − |u
x
j |
2) · uxj + λzx · (u
z
j − u
x
j ) ,
u˙zj = (a+ i · ω
z
j − |u
z
j |
2) · uzj + λzx · (u
x
j − u
z
j )
+λz ·
∑N
l=1
Azjl(u
z
l − u
z
j ) ,
(1)
where
√
a and ωαj are respectively the amplitude and the
frequency of oscillator j when uncoupled (to account for
the frequency mismatch between layer z and x, the natural
frequency is function of the layer), and λz and λzx are the
coupling between the agents in the medium and the inter-
layer coupling respectively.
Let us note that the Stuart-Landau model considered
here contains the Kuramoto model [27] (the usual bench-
mark for the study of synchronization in networks) as
a limiting case when the amplitude dynamics vanishes,
which occurs when a is large.
Regime of intra-layer coherence. – We now inves-
tigate the existence of phase synchronization in the multi-
plex. Our aim is to show that, besides global synchroniza-
tion, i.e., the regime in which all the nodes in the mul-
tiplex network are synchronized with each other, a state
characterized by intra-layer coherence and inter-layer in-
coherence is possible. We refer to this regime as intra-layer
coherence (ILC), implicitly assuming that there is no co-
herence between the two layers of the multiplex (otherwise
the state of global synchronization is obtained).
The regime showing ILC is rather counterintuitive since
it implies that all the oscillators in each layer oscillate in
synchrony with a shared frequency Ωα which, in general,
is different from one layer to the other. Moreover, as there
are no intra-layer connections in layer x, the synchroniza-
tion of this layer is possible due to the indirect coupling
of its units through layer z. Therefore, in the ILC regime,
the nodes in layer z are mediating for synchronization of
layer x nodes, without being synchronized with them.
We first analytically show the existence of ILC regime
by rewriting the system (1) in polar coordinates (uαj =
ραj exp iθ
α
j ) and focusing on the equations for the phases:
θ˙xj = ω
x
j + λzx
ρzj
ρx
j
sin(θzj − θ
x
j ) ,
θ˙zj = ω
z
j + λzx
ρxj
ρz
j
sin(θxj − θ
z
j ) + λz
∑N
l=1
Azjl
ρzl
ρz
j
sin(θzl − θ
z
j ) .
(2)
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We look for solutions of the type θz1 = θ
z
2 = . . . = θ
z
N and
θx1 = θ
x
2 = . . . = θ
x
N , i.e., solutions where all the oscillators
within each layer are synchronized (this condition includes
both the regimes of ILC and global synchronization). Un-
der this hypothesis, we consider two generic nodes j and l
in Eqs. (2), and we also assume that the frequency of the
two nodes are similar to derive:
d
dt
(θxj − θ
x
l ) = λzx(
ρzj
ρx
j
−
ρzl
ρx
l
) sin(θzj − θ
x
j ) ,
d
dt
(θzj − θ
z
l ) = λzx(
ρxj
ρz
j
−
ρxl
ρz
l
) sin(θxj − θ
z
j ) .
(3)
From these equations we notice that a solution corre-
sponding to global synchronization of the multiplex, θz1 =
. . . = θzN = θ
x
1 = . . . = θ
x
N , is always possible. However,
the solution corresponding to ILC, θz1 = . . . = θ
z
N = θ
z
and θx1 = . . . = θ
x
N = θ
x with θz − θx 6= const., is only
possible provided
ρz
1
ρx
1
=
ρz
2
ρx
2
= . . . =
ρzN
ρx
N
, i.e., the nodes in
the same layer must have the same amplitude. Thus, by
fixing ρzj = ρ
z ∀j and ρxj = ρx ∀j, and by looking at the
equations of the amplitudes, it is possible to show that the
ILC solution cannot be achieved with a stationary ampli-
tude, ρ˙α = 0 (α = x, z), i.e., it cannot be observed in a
multiplex composed of Kuramoto oscillators. Under this
hypothesis, the equations for the amplitude are:
ρ˙x = aρx − (ρx)3 + λzx [ρ
z · cos(θz − θx)− ρx] ,
ρ˙z = aρz − (ρz)3 + λzx [ρ
x · cos(θx − θz)− ρz] .
(4)
From above it becomes clear that a stationary solution
(ρ˙x = ρ˙z = 0) of Eqs. (4) implies that ρx = ρz , i.e., all
the nodes having the same amplitude, and
cos(θx − θz) = λzx + (ρ
x)2 − a
λzx
, (5)
i.e., the difference θz − θx is constant, contrary to the ini-
tial hypothesis. This result points out that the solution
cannot be stationary (as it requires time-varying ampli-
tudes) and thus it can only be obtained when the ampli-
tude is a free parameter. This condition is met in Stuart-
Landau oscillators, but not in Kuramoto ones.
ILC in multiplex networks. – We now provide nu-
merical evidences of the existence of ILC solutions in a
small network and, then, examine the case of larger struc-
tures. In all the simulations we assume that the natural
frequencies, ωαj , of the nodes are uniformly distributed in
[0.95 · ωα, 1.05 · ωα], being ωx = 1 and ωz = 2.5.
Phase synchronization between any pair of oscillators of
the multiplex, namely oscillator j of layer α and oscilla-
tor l of layer β, can be measured by the Kuramoto order
parameter:
rαβjl = |〈ei·[θ
α
j (t)−θ
β
l
(t)]〉t| . (6)
To get some insight on the behavior of the layers we mon-
itor the intra-layer coherence by defining the Kuramoto
order parameter of layer α as:
rα =
1
N(N − 1)
N∑
j,l=1
rααjl , (7)
and the inter-layer coherence as:
rzx =
1
N
N∑
j=1
rzxjj , (8)
i.e., by averaging the degree of synchronization between
all the pairs of nodes connected by the inter-layer links.
In Fig. 2 we show the results obtained with a multiplex
of N = 10 units in each layer, where the nodes in layer z
are globally connected (Azjl = 1 ∀j, l). The network be-
havior depends on the coupling coefficients λz and λzx. In
this first example the analysis was carried out by simul-
taneously varying them and keeping their ratio constant,
i.e., we varied λ defined as λ = λzx =
λz
5 (the more gen-
eral case of independent coupling coefficients is considered
below). The Kuramoto order parameters rx and rzx vs.
λ [see Fig. 2(a)] show that rx grows faster than rzx, and
consequently there is a range of λ values for which the top
layer reaches synchronization (rx ≃ 1 ), even if each node
of the top layer is not synchronized to its corresponding
in the bottom layer (rzx ≪ 1). When purely phase (Ku-
ramoto) oscillators are considered, this latter regime is not
observed as the curves of rx and rzx are similar [dashed
lines in Fig. 2.(a)]. The waveforms obtained for λ = 0.7
[see Fig. 2(b)] confirm that the ILC regime is only attain-
able together with non-stationary amplitudes. Fig. 2(b)
also shows that the nodes in each layer are synchronized
with a frequency different from one layer to the other.
Intra-layer synchronization without inter-layer coherence
is also clear from the phase planes of Figs. 2(c)-(e).
We now consider a larger multiplex network with layers
of N = 100 nodes and systematically vary the two pa-
rameters λz and λzx. We monitor the difference between
the Kuramoto order parameters in Eqs. (7) and (8), i.e.,
∆r = rx − rzx, as a function of λz and λzx. Large val-
ues of ∆r indicate the appearance of the ILC regime in a
region of the parameter space. In fact, also referring to
the example reported in Fig. 2(a), ∆r is large if rx > rzx,
that is, if the synchronization level within layer x, rx, is
greater than the inter-layer coherence measured by rzx.
On the contrary, ∆r is small if the two measures rx and
rzx have similar values, pointing out that the multiplex is
either desynchronized or globally synchronized.
The behavior of ∆r is reported in Fig. 3 which shows
the appearance of the ILC regime for values of λzx laying
approximately between 0.4 and 0.75 and for a large range
of λz values. In the whole region of parameters studied,
the oscillators in layer z are synchronized with each other.
Instead, the oscillators in layer x are not synchronized for
λzx < 0.4, synchronized with each other but not with their
corresponding units in layer z approximately in the range
0.4 < λzx < 0.75 and λz < 20, and globally synchronized
p-3
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Fig. 2: (Color online). The ILC regime in a multilayer network
with N = 10 nodes and all-to-all coupling in the bottom layer
z. (a) Kuramoto order parameters rx and rzx vs. λ = λzx =
λz
5
. Continuous lines refer to a multilayer network of Stuart-
Landau oscillators with a = 1, whereas dashed ones to purely
phase oscillators (a → ∞), for which ILC does not exist. (b)
Waveforms of state variables Re uαj for λ = 0.7. (c) Phase
plane Re uz1 − Re u
z
2. (d) Phase plane Re u
x
2 − Re u
x
4 . (e)
Phase plane Re uz1 − Re u
x
1 . In (b)-(e) nodes in each layer are
mutually synchronized with the nodes of the same layers, but
not with their corresponding counterpart in the other layer.
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Fig. 3: (Color online). ILC in a multiplex network with N =
100 and all-to-all topology in the bottom layer z. The contour
plot shows the bifurcation diagram of ∆r vs. λz and λzx.
with those of layer z (that is, all the oscillators, indepen-
dently from the layer to which they belong, run at the
same shared frequency), otherwise.
The regime of ILC is elicited by the modulation of the
state variables of the bottom layer by the units of the
top layer. Each oscillator in layer z is influenced by two
terms, one representing the coupling with the correspond-
ing top layer oscillator and one the coupling from its layer
z neighbors. These two terms are competing as the two
layers have different natural frequencies. An equilibrium
between these two terms leads to ILC as oscillators in layer
z should allow the passage of information needed to syn-
chronize those in layer x without synchronizing with them.
On the contrary, when one of these forces is too strong or
too weak, ILC is not possible.
To gain a deeper knowledge on the roots of the ILC
regime we now focus on the evolution of frequencies of
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Fig. 4: (Color online). (a) Spectrum of Re uz1 at several pairs
of λz and λzx, λz = 12 and λzx = 0.2 (red line), λz = 12 and
λzx = 0.7 (blue line), λz = 22 and λzx = 0.7 (black line). (b)
Ratio between the second and the first largest components of
the spectra of Re uz1, S
z
2/S
z
1 , as a function of λz and λzx.
the oscillators in each layer. In particular, we focus on the
analysis of the frequency spectrum of the oscillators in the
bottom layer obtained from the time evolution of Re uzj .
Fig. 4(a) reports the spectrum of Re uz1 (given the all-to-all
structure of the bottom layer, the choice of the oscillator
to analyze is totally arbitrary) for several pairs of values of
λz and λzx. When λz = 12 and λzx = 0.7 (blue line), ILC
occurs and the spectrum is characterized by two significant
components, one near the natural frequency of layer z, i.e.,
ωz, and one near that of layer x, i.e., ωx. This clearly
shows that the presence of a significant component at the
frequency of the top layer is associated to the appearance
of ILC. In the other cases reported the spectrum has only
one significant component. In particular, if the inter-layer
coupling is too weak, i.e., λzx = 0.2 and λz = 12 (red line),
this component is close to ωz since the top layer is not
significantly influencing the bottom layer. For λzx = 0.7
and λz = 22 (black line) the multiplex network is globally
synchronized and the common frequency shared by the
two layers lays between the two values ωz and ωx.
When the inter-layer and intra-layer interactions are
both strong, the tendency to synchronization of each pair
of connected oscillators in the two layers is strong and thus
the system tends towards global synchronization without
showing ILC. Therefore, the onset of ILC can be revealed
by the analysis of the spectrum. More in details, we in-
dicate as Sz1 the amplitude of the largest peak, in the
spectrum of Re uz1 and as S
z
2 the second largest peak and
monitor the ratio Sz2/S
z
1 as a function of λz and λzx. The
result is shown in Fig. 4(b), where, as expected, the ILC
regime corresponds to high values of the ratio Sz2/S
z
1 and
the border between ILC and global synchronization is sig-
naled by the largest values of the former ratio.
Complex networked media. – We now consider
different types of interaction topologies for the medium
(layer z) and, in particular, investigate the onset of the
ILC regime in (unweighted and undirected) scale-free (SF)
and Erdo¨s-Re´nyi (ER) networks. To this aim, we make use
of a network model that interpolates between these two
types of networks [28]. The model is based on the com-
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Fig. 5: (Color online). Bifurcation diagram of ∆r vs. λz and
λzx for multiplex networks with N = 100 and 〈k〉 = 8. The
bottom layer z is generated by model A with: (a) p = 0 (SF
network); (b) p = 0.3; (c); p = 0.6; (d) p = 1 (ER network).
bination of uniform and preferential linking and allows to
obtain a one-parameter family of networks. Depending
on the model parameter p, the networks generated change
from a power-law degree distribution (p = 0) to a Poisso-
nian one (p = 1) in a continuous way. As the main struc-
tural properties such as the average shortest path length
and the second moment do not vary linearly with p, we
focus on some significant values of p (not equally spaced).
As it can be observed in Fig. 5 the ILC regime appears
in all the cases. The region of the parameter space char-
acterized by ILC decreases continuously when going from
SF to ER networks. This result indicates that the hetero-
geneity of the degree distributions, controlled through the
interpolation parameter p, is the responsible for the dif-
ferent area and that by increasing the heterogeneity of the
network we favor the onset of ILC. This finding points out
the generality of the ILC regime in multiplex networks and
the role of heterogeneity in favoring the onset of it. Let us
note that we have checked that degree-degree correlations
seem to have no effect on the onset of the ILC regime. In
fact, when an uncorrelated SF network, obtained by ran-
domly rewiring the edges of the network used in Fig. 5(a)
while preserving the degree distribution, is analyzed, the
same behavior (not shown) is obtained.
Finally, given the biological/chemical examples in which
the model proposed applies, we have studied the influence
that the density of agents in the media has on the onset
of ILC. Our aim is to find a density-dependent threshold
in a similar fashion to those quorum sensing-like transi-
tions to synchronization, typically induced by the indirect
coupling provided by the medium. In fact, many systems
of units indirectly coupled through a medium experience a
transition from a state to another as a function of the num-
ber of individuals or their density. For instance, in bacte-
ria, the response to a stimulus is correlated to population
density, a mechanism acting as a decision-making process
and called quorum sensing [9]. A similar mechanism, i.e.,
crowd synchrony, is also found in the transition from the
quiescent (or disordered) state to the synchronous oscil-
latory state in populations of oscillators, where the con-
sequence of an increase of the number of units is a larger
coupling between them. As increasing intra-layer coupling
favors the onset of ILC, we expect that a similar density-
dependent transition also occurs in our multiplex.
We have considered a multiplex network in which the
topology of layer z is defined by a Random Geometric
Graph [29], i.e., a spatial graph in which the nodes are
randomly distributed in a planar space of size L×L with
a density given by η = N
L2
and each pair of nodes is con-
nected only if their Euclidean distance is less or equal than
a given threshold r [see Fig. 6(a)]. In our analysis, we
have kept constant the number of nodes, N , and varied
the density η by changing L. To study the onset of a fully
developed regime of ILC as function of the density of the
particles in the medium, η, we have run simulations at a
fixed value of λz while varying λzx. The degree of intra-
layer synchronization is monitored as described below.
Starting from the typical scenario of ILC shown in
Fig. 2(a), we observe that rx reaches values close to 1
before than rzx. Thus, a measure indicating the exis-
tence of ILC is given by a large difference in the values
of λzx for which r
x and rzx approach 1. We have thus
defined λ1zx as λ
1
zx = min{λzx : rzx(λzx) > 0.95} and
λ2zx as λ
2
zx = min{λzx : rx(λzx) > 0.95}, and moni-
tored the difference between these two values, indicated
as Λc = λ
2
zx − λ1zx.
(a)
4 5 6 7 8 9 10
0
0.05
0.1
0.15
0.2
0.25
η
Λ c
(b)
Fig. 6: (Color online). (a) An example of a multilayer network
where the bottom layer is a random geometric graph. For the
sake of visualization a network with only N = 50 nodes is
displayed. (b) Behavior of Λc vs. density η for a network with
N = 100 and λz = 2.
In Fig. 6(b) we show the trend of Λc as a function of
the density η. The plot clearly shows the existence of
a density-dependent threshold, ηc, for the appearance of
ILC. In particular, below the value ηc ≃ 6.6 no ILC regime
is observed, whereas above this threshold ILC develops af-
ter a very sharp transition. Thus, as expected, the increase
p-5
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of the density of units in the medium clearly acts as a pro-
motor of the ILC state. Note, however, that for η > ηc
the value of Λc remains roughly constant. This indicates
that the width of the region of λzx values in which ILC
occurs, for the value of λz at work [λz = 2 in Fig. 6(b)],
do not change with η once η > ηc.
Conclusions. – Summarizing, we have analyzed syn-
chronization in a population of N oscillators indirectly
coupled through an inhomogeneous medium. In partic-
ular, the medium has its own dynamics, which is of the
same type of the oscillators (periodic, when uncoupled),
but with a different natural oscillation frequency. The sys-
tem has been modeled as a multiplex network formed by
two layers with the same number, N , of nodes, so that
each node of a layer is connected to its counterpart in the
other layer. We have shown the onset of intra-layer syn-
chronization without inter-layer coherence, i.e. a state in
which the nodes of a layer are synchronized between them
without being synchronized with those of the other layer.
Intra-layer synchronization is shown to be a unique dy-
namical state appearing in systems which can be modeled
as multiplex networks. Its robustness has been tested as
this regime is commonly observed independently from the
topology of the layer corresponding to the medium, pro-
vided that it supports synchronization, although the exact
region in the parameter space in which it appears depends
on its structural features. The results hold even in the case
of sparse connectivity patterns for the top layer, not able
to guarantee the synchronization without the action of the
bottom layer. The most interesting result showing intra-
layer synchronization is that in which the top layer is a
collection of N unconnected oscillators. We have shown
that intra-layer synchronization is also possible in this sce-
nario, thus obtaining the synchronization of the collection
of isolated nodes without synchronizing with the bottom
layer.
We have also shown that the presence of an amplitude
dynamics, allowing synchronization of units not directly
connected, is fundamental, as the regime of intra-layer
synchrony is not observed in purely phase oscillators, such
as those in the Kuramoto model. This fact, together with
its intrinsic relation with multiplex networks, makes intra-
layer synchronization states particularly relevant for their
unique features in the context of synchronization studies
in complex networks.
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